Modulational instability ͑MI͒ of electromagnetic waves in a birefringent fiber with a periodic dispersion ͑two-step dispersion management scheme͒ is investigated. The properties of new sidebands are studied. The strong variation of dispersion leads to the decreasing of the main MI region and the suppression of additional resonance. In the random dispersion case the MI of all frequencies of modulation in the normal dispersion region is predicted. In the anomalous dispersion case the decreasing of the main MI peak is calculated and changes in the spectral bandwidth of MI gain are found. The analytical predictions are confirmed by the numerical simulations of the full coupled nonlinear Schrödinger equations with periodic coefficients.
I. INTRODUCTION
The modulational instability ͑MI͒ of nonlinear plane waves is one of the fundamental phenomena in the nonlinear waves physics. The history is about thirty years ͓1-5͔. This phenomenon finds many applications in plasma physics, hydrodynamics, nonlinear optics, and other branches of physics. In particular, in nonlinear optics this phenomena is important for the optical communications systems ͑degradation of performance͒, the generation of short pulses with high repetition rates ͓5͔, and the design of all-optical logical devices ͓6͔.
The modulational instability phenomenon consists in the instability of nonlinear plane waves solutions against weak long scale modulations with frequencies lower than some critical value. The next stage of evolution is the growth of sidebands and the periodic exchange of energy between pump and sidebands due to the wave propagation. The scalar and vector nonlinear Schrödinger ͑NLS͒ equations have been studied in Refs. ͓7-10͔. A lot of work has been devoted to the MI process in homogeneous nonlinear media.
Recently the investigation of the MI process in periodically modulated media has attracted attention ͓11-13͔. This investigation is mainly motivated by the electromagnetic waves propagation in fibers with periodically varying power and dispersion along the propagation distance. The corresponding mathematical model is the NLS equation with periodically varying dispersion and nonlinear coefficients. A new phenomenon has been predicted: the generation of new sidebands and the existence of unstable sidebands even in the normal dispersion regime. The existence of such sidebands is connected with the parametric resonance between fiber parameters modulations and some characteristic frequencies. The periodic modulations of dispersion is of particular interest. As analysis shows, the periodic modulations of dispersion leads to decreasing of MI gain ͓14,15͔. This result motivates the study of the dispersion-managed solitons ͓16,17͔.
It is interesting to investigate the extension of this problem to the vector NLS case. Physical motivations are MI in a birefringent fiber with periodic dispersion and gain. Recently the interest to this problem has increased due to polarization division multiplexing schemes in the dispersion-managed solitons applications. The numerical simulations of a birefringent fiber with the two-step dispersion managed scheme shows the existence of dispersion-managed solitons in this case ͓18͔. MI with periodically modulated birefringence and periodically varying group velocity delay was analyzed recently by ͓19͔.
In this paper we shall also study the MI process in the case when the dispersion of the birefringent fiber is randomly modulated. In real fibers there always exist random fluctuations of parameters. The measurements of the longitudinal variations show that the zero wavelength 0 is fluctuating and this leads to the degradation of the optical communications system performance ͓20,21͔.
The paper is organized as follows. In Sec. II the model is described. The analysis of MI in the birefringent fiber with two-step dispersion managed scheme is performed in Sec. III. In Sec. IV the MI in the case of randomly modulated dispersion is studied and the MI gain and spectral behavior is calculated for the mean normal and anomalous dispersion cases.
II. DESCRIPTION OF THE MODEL
We shall study the propagation of two polarized electromagnetic waves in a periodic transmission line with an arbitrary dispersion ␤(x). The governing system is the system of two coupled modified nonlinear Schrödinger equations ͓18͔ 
͑8͒
It is useful to perform the Fourier transform. We then get iu 1x ͑⍀͒Ϫ␤͑x͒⍀ 2 u 1 ͑⍀͒ϩ␥A 2 ͓u 1 ͑⍀͒ϩu 1 *͑Ϫ⍀͔͒
͑10͒
Note that the system ͑7͒,͑8͒ only contains second-order derivatives with respect to t, so that u 1 (t)ϭu 1 (Ϫt) and v 1 (t) ϭv 1 (Ϫt), which also imposes u 1 (⍀)ϭu 1 (Ϫ⍀) and v 1 (⍀)ϭv 1 (Ϫ⍀). We can then separate the system ͑9͒,͑10͒ into the real and imaginary parts using u 1 ϭaϩib,v 1 ϭc ϩid. We get the system
Throughout the paper we shall consider the particular case AϭB which simplifies the algebra. 
where l ϩ and l Ϫ are the characteristic wavelengths
Applying continuity conditions of the field and of its time derivative at the boundaries, it is then obvious to compute the general solutions of these linear differential equations with constant coefficients
where the matrices M j Ϯ are given by
Note that if the expression inside the squared root is negative valued, then k j Ϯ is imaginary, and the cos and sin which appear in Eq. ͑16͒ should then be interpreted as cosh and i sinh. Denoting
from which we deduce that
More generally, if x͓nL,nLϩL 1 ), then
We shall observe an exponential growth of a, b, c, or
and only if one of the eigenvalues of M ϩ and M Ϫ has a modulus larger than 1. Let us denote the two eigenvalues of
so that there is stability only when
Otherwise, there is MI gain and the exponential gain per unit length is given by
From Eq. ͑18͒, this expression can be simplified into
Let us now study more carefully the spectra of the matrices M Ϯ . One finds that the eigenvalues have the following forms:
Note that a Ϯ is always real valued even when k 1 Ϯ and/or k 2 Ϯ is complex valued. This can be checked by simple algebra using the fact that k j Ϯ is either real valued or purely imaginary.
Two cases are possible. that the central peak gain is progressively reduced as the strength of the dispersion management increases, and so are the resonant sidebands. We shall give more detail in the next section. Figure 2 corresponds to the case of birefringent fibers with an average normal dispersion, when ␣ϭ2/3. Although there is no MI gain in the uniform case ␤ϵϪ1 ͓9͔, some new sidebands appear when the dispersion management is not zero, but these sidebands tend to disappear for strong dispersion management.
Let us study the MI gain in the framework when L 1 and L 2 are smaller than the characteristic wavelengths l ϩ and l Ϫ , which is usually the case in experimental configurations. We then introduce the adimensional parameter s such that L 1 ϭ(1Ϫs)L and L 2 ϭsL. In such conditions the average dispersion is
Here are the main results. The primary effect of dispersion management in the average anomalous dispersion case (␤ Ͼ0) is to reduce the central peak. When there is no dispersion management ͑i.e., ␤ϵ␤ Ͼ0), the cutoff frequency of the central peak is
2 ͔ into the expression ͑19͒ of a ϩ (⍀) and computing the expansion of a ϩ (⍀ ϩ ) with respect to L/l ϩ , one finds that the central peak stands for frequencies ⍀ below a new cutoff frequency ⍀ ϩ smaller than ⍀ ϩ :
͑24͒
Furthermore, we can also compute the expansion of the MI gain inside this frequency band:
͑25͒
It then clearly appears that a strong dispersion management reduces the central peak. Furthermore, if the averaged dispersion ␤ and the period L is fixed, the reduction is all the more important as ͉␤ 1 Ϫ␤ 2 ͉ is large and sϭ1/2, which corresponds to the case L 1 ϭL 2 . Moreover we can compare the formula ͑24͒ with the exact plot of the MI gain given in Fig. 1. It appears that Eq. ͑24͒ is very accurate for the configurations A, B, and C, but not for the configuration D. Indeed the dispersion management in case D is so large that further terms in the expansion ͑24͒ should be taken into account. We can also give more information about the resonant peaks. They appear in the vicinities of some particular frequencies ⍀ p , pϭ1,2,3, . . . , which can be expanded as powers of L:
Substituting this ansatz into the expression ͑19͒ of a ϩ and collecting the terms with the same power of L one can identify the first coefficients of the expansion c 1,p and c 2,p . It is found that the coefficient c 1,p depend only on ͉␤ ͉. It means in particular that the resonances appear equivalently for an anomalous or a normal average dispersion. For each p, there are two suitable corrective terms c 2,p that we denote by c 2,p ϩ and c 2,p Ϫ since they correspond to l ϩ and l Ϫ , respectively. We shall see that the peak corresponding to l ϩ is much higher.
so that the resonant frequencies are
͑26͒
Let us apply the formula ͑26͒ to the configuration corresponding to Fig. 1 comparison with Fig. 2 , when the theoretical resonant peaks are predicted to be around ⍀ 1 ϩ ϳ0.25, ⍀ 1 Ϫ ϳ0.275, ⍀ 2 ϩ ϳ0.375, ⍀ 2 Ϫ ϳ0.39, ⍀ 3 ϩ ϳ0.47, and ⍀ 3 Ϫ ϳ0.48 ͑in THz͒. The positions of the resonant frequencies do not depend on the strength dispersion management ␤ 1 Ϫ␤ 2 , but the maxima of the corresponding peaks do. We now focus on this point. Let us consider a frequency around ⍀ p Ϯ and expand the expression ͑19͒ of a Ϯ . The corresponding expansion of the MI gain G defined as Eq. ͑21͒ is
The MI gain peak is reached in ⍀ p Ϯ and is equal to ͓1Ϫ(Ϫ1) p cos p ͔ 
The MI gain peak is reached in ͱ ⍀ Ϯ2 ϩL/(␤ 8pl Ϯ2 ) and is equal to ͉␤ ␤ Ϫ1 Ϫ1͉L/(2pl Ϯ2 ). Note that this peak can be canceled only if sϭ0, sϭ1, or ␤ 1 ϭ␤ 2 , i.e., when the dispersion management is zero. Furthermore when the dispersion management increases, the maximum of the peak goes to its minimal value L/(2pl Ϯ2 ). Figure 3 plots the MI gain in the vicinities of the two first resonant peaks for some particular configurations. Let us first consider the peaks corresponding to ⍀ 1 ϩ ͓Fig. 3͑a͔͒. In the configurations I, K, and M, we have 1 ϭ2, 1 ϭ4, and 1 ϭ6, respectively. Accordingly we apply formula ͑27͒ which shows that the resonant peaks are rather important. In the configurations J and L, we have 1 ϭ3 and 1 ϭ5 respectively. Accordingly we apply formula ͑29͒ which shows that the corresponding peaks are rather low. Let us now consider the peak corresponding to ⍀ 2 ϩ ͓Fig. 3͑b͔͒. In all configurations the normalized angle 2 / is an even number. Application of formula ͑29͒ then yields that the corresponding peaks are low and similar.
D. Numerical simulations of the modulational instability
In this section we perform detailed comparison of predictions of the above theory with a full numerical investigation of the problem. We use the split-step algorithm to solve the vector NLS equations ͑1͒,͑2͒. As an initial condition we choose
where m(x) is white noise with a flat spectrum and Ӷ1. The system then naturally amplifies the frequencies which correspond to the MI gain spectrum, and computing the spectrum of the transmitted wave we directly get the sum of a Dirac peak centered at ⍀ϭ0 ͑corresponding to the unperturbed problem u 0 ϭA, v 0 ϭA) and of the spectrum of the MI gain.
In Fig. 4 we investigate the same configuration as in Fig.  1 ͑average anomalous dispersion͒. We choose ϭ5ϫ10
Ϫ6
and make the wave propagate over a distance 400 km. The picture is in very good agreement with the theoretical one.
In Fig. 5 we investigate the same configuration as in Fig.  2 ͑average normal dispersion͒. We choose ϭ5ϫ10 Ϫ6 and make the wave propagate over a distance 800 km. In the standard normal dispersion ͑i.e., ␤ϵϪ1) we can observe an almost flat spectrum which means that there is no MI gain. Furthermore dispersion management creates resonances at the frequencies derived in the above theoretical model, but as the strength of dispersion management is increased, these resonant peaks are progressively suppressed.
IV. RANDOM MODULATIONS OF DISPERSION

A. Formulation of the problem
In this section we study the influence of random modulations of dispersion on MI in a birefringent fiber. The dispersion is represented as ␤(x)ϭ␤ 0 ϩ␤ 1 (x). The fluctuations of the dispersion are assumed to obey Gaussian statistics with correlation function
where l c is the correlation length. When l c →0, we have the white noise case B(xϪy;l c )→2 2 ␦(xϪy). We adopt the same notations as in the above sections. The system of equa-
The analysis of the system of equations for the first moments ͗ f Ϯ ͘,͗g Ϯ ͘ shows that the dynamics is the exponential decreasing of first moments and that the resonant phenomena are absent. This is an expected phenomenon, since f Ϯ and g Ϯ are strongly oscillating and these oscillations make the first moments average to 0. So we shall analyze the behaviors of the second moments ͗ f Ϯ2 ͘, ͗g Ϯ2 ͘, and ͗ f
Ϯ ͘ so as to close the equations for the second moments͒. The system of equations for the second order moments has the form:
where l ϩ and l Ϫ are defined by Eq. ͑15͒. For decoupling of
As a result we obtain the system for the second moments which reads as a linear system We first consider a case where the average dispersion is anomalous. As shown by Fig. 6 the central peak remains almost unchanged even when the standard deviation of the fluctuations of the dispersion is equal to the average dispersion ␤ 0 . The standard deviation of the fluctuations has to be larger than ␤ 0 to involve a noticeable departure of the central peak from its unperturbed form corresponding to ϭ0. The main effect of the fluctuations is in fact to make the frequencies just above the cutoff frequency ⍀ ϩ very unstable.
Let us now regard a case where the average dispersion is normal. If there is no instability in the unperturbed normal dispersion case, we can check in Fig. 7 that the fluctuations of the dispersion make all frequencies all the more unstable as the fluctuations are larger.
V. CONCLUSION
In conclusion we have investigated the modulational instabilities of electromagnetic waves in birefringent fibers with periodic dispersion ͑two-step dispersion management scheme͒. We have found that the strong periodic modulation of dispersion leads to the suppression of resonant sidebands and essentially reduces the spectral width of the main peak of MI. These results can be important for the dispersion management optical communication using vector optical solitons.
The modulational instability of nonlinear plane waves in the birefringent fibers with random dispersion has been analyzed. We have found that in the normal dispersion region all frequencies are modulationally unstable ͑in the deterministic case we have not MI͒. The gain in this region is ϳA 4 2 /␤ 0 2 . In the anomalous dispersion case the behavior of MI is more complicated. In the region of frequencies of modulations 0 Ͻ⍀Ͻ⍀ 1,ϩ and ⍀ 2,ϩ Ͻ⍀Ͻ⍀ ϩ the gain is enhanced and in the region ⍀ 1,ϩ Ͻ⍀Ͻ⍀ 2,ϩ ͑where the optimal frequency lies͒ the gain is reduced by comparison with the deterministic case. In the stable region for deterministic case (⍀ Ͼ⍀ ϩ ) the inclusion of random dispersion leads to instabilities for all frequencies of modulations.
As a final remark we would like to point out that it would be also interesting to consider the MI in fibers with random group velocity delay and random linear birefringence. These problems will be investigated separately. 
